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Abstract
Classical approach of solvability problem has shed much light on what we can solve and what
we cannot solve mathematically. Starting with quadratic equation, we know that we can solve
it by the quadratic formula which uses square root. Polynomial is a generalization of quadratic
equation. If we define solvability by using only square roots, cube roots etc, then polynomials
are not solvable by radicals (square root, cube root etc). We can classify polynomials into simple
(solvable by radicals) and complex (not solvable by radicals). We will use the same metaphor
to separate what is solvable (simple part) and what is not solvable (complex part).
This paper is a result of our presentation at a University of Houston seminar. In this paper,
we will study seismic complexity through the eyes of solvability. We will investigate model
complexity, data complexity and operator complexity. Model complexity is demonstrated by
multiple scattering in a complex model like Cantor layers. Data complexity is studied through
Betti numbers (topology/cohomology). Data can be decomposed as simple part and complex
part. The simple part is solvable as an inverse problem. The complex part could be studied
qualitatively by topological method like Betti numbers. Operator complexity is viewed through
semigroup theory, specifically through idempotents (opposite of group theory). Operators that
form a group are invertible (solvable) while semigroup of operators is not invertible (not solvable)
in general.
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Figure 1: Slide 1
Short history of solvability:
<< simplicity >>
Quadratic equation  (Complex numbers)
Fundamental theorem of algebra  (Gauss)
Solvable by radicals   (Abel)
Group theory  (Galois/solvable group,  Lie/continuous group)
Operator theory  (Hilbert,  infinite dimensional space)
<< complexity >>
Numerical complexity  (Poincare /chaos)
Model complexity  (Cantor / layers)
Data complexity  (Betti number/ diffractions)
Operator complexity  (Idempotent semigroup/  2­way wave )
Complex Decomposition  (Data or operator)
=   Simple part  (quantitative/solvable)
+   Complex part  (qualitative/interpretable/not  noise)
Figure 2: Slide 2
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Presentation based primarily on 4 papers published on arXiv
Figure 3: Slide 3
Part 1: Model complexity (Cantor / layers): 
Cantor set models and solvability of multiples 
Figure 4: Slide 4
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The Cantor Set
Construction: repeatedly removing middle thirds of line segments.
The Cantor set = all points that are not removed at any step in this infinite 
process.
0 1The Cantor set, in six iterations
The Cantor set is “broken up” 
on all length scales
Figure 5: Slide 5
Example 1 – Discrete Horizontal Cantor Set Model: C4
Model (Vp=Constant)  P
C: sparse
totally disconnected
C + C = I: continuum
Dense and nowhere 
disconnected
Approximate 1st­order 
Multiples (M) = P ∗ P
Vp=2.0 km/s; ρ = 2.0 g/cm3
Vp=2.0 km/s; ρ = 4.0 g/cm3
Vp=2.0 km/s; ρ = 2.0 g/cm3
Figure 6: Slide 6
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C is sparse and totally disconnected
C+C=I is dense and nowhere disconnected
Multiples may not be solvable for a Cantor set medium
The Cantor Set Models: No Means + No Variance
(No Effective Medium)
Figure 7: Slide 7
Example 2 – Discrete Vertical Cantor Set Model: VC6
Full stackModel 
(Vp=Constant) 
Figure 8: Slide 8
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Example 2 – Discrete Vertical Cantor Set Model: VC6
Near­offset stack
(offset ~ depth)
Far­offset stack
(offset ~ 2 x depth)
Dramatically different response
Figure 9: Slide 9
Near and Far Stacks See Different Models of Complex Topology
Near­offset stack
Far­offset stack
Figure 10: Slide 10
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Example 3 ­ Sierpinski Carpet:
a 2­D Generalization of the Cantor Set
Construction: divide a square into 9 equal sub­squares in a 3­by­3 grid, and 
remove the center sub­square; repeat the process for the remaining 8 sub­
squares; and apply the process recursively.
The Sierpinski Carpet, in four steps
Self­similar and “broken up” 
on all length scales 
Figure 11: Slide 11
Example 3 – Discrete Sierpinski Carpet Model: SP4
Model ( Vp = Constant ) Full stack
Vp=2.0 km/s; ρ = 2.0 g/cm3
Vp=2.0 km/s; ρ = 4.0 g/cm3
Vp=2.0 km/s; 
ρ = 4.0 g/cm3
Figure 12: Slide 12
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Example 3 – Discrete Sierpinski Carpet Model: SP4
Stack before migration Stack after migration
Flat reflector
Figure 13: Slide 13
Example 3 ­ Complex topology in the overburden
Vp=2.0 km/s; ρ = 2.0 g/cm3
Vp=2.0 km/s; ρ = 4.0 g/cm3
Model (Vp=Constant) Modeled CMP gathers
Results are generated from a deterministic model without adding “random 
noise”
Figure 14: Slide 14
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Example 3 – Sierpinski Carpet Models: SP4
CMP­sorted Gathers
Flat reflector
Figure 15: Slide 15
Model complexity Summary
• The Cantor set:
– The Cantor set C is sparse and totally disconnected; while C+C=I is 
a continuum that is dense and nowhere disconnected
– The Sierpinski Carpet is a 2­D generalization of the Cantor set.
• Example 1 (horizontal Cantor set models): 
– Multiples are not solvable for the Cantor set model
– No means + no variance (no effective medium)
• Example 2 (vertical Cantor set models): 
– “Noise” from inversion might be an indication on the earth’s complex 
topology
• Example 3 (Sierpinski Carpet models): 
– A model with complex topology can generate realistically looking, 
complex wave field
Figure 16: Slide 16
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Part 2: Data complexity  (Betti number/ 
diffractions):
Geometric simplicity as a migration criterion
Figure 17: Slide 17
Betti numbers and homology groups
• Homology is a tool to measure connectivity and holes in a 
topological space; Betti numbers are dimensions of 
homological groups.
• The nth Betti number, Bn, represent “n­dimensional holes”
• For a 2D image, only B0 and B1 are non­trivial, Bn=0 (n>1)
• The 0th Betti number, B0, counts the number of connected 
components
• The 1st Betti number, B1, counts the number of “holes”
• The following 3 images are equivalent homologically, i.e. 1 
connected component and 1 hole in each
Figure 18: Slide 18
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B0 & B1: more examples
Figure 19: Slide 19
Betti numbers and the 
Computational Homology Project (CHOMP)
• CHOMP is a US­based,  international open­
source development project for promoting the 
application of computational topology to global 
analysis of nonlinear spaces and functions.
• Web address
• http://chomp.rutgers.edu/
• We take advantage of the latest developments in 
CHOMP to carry out efficient computation of 
Betti numbers on seismic data
Figure 20: Slide 20
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Betti numbers, geometric complexity and wave propagation
Figure 21: Slide 21
Figure 22: Slide 22
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input Vmig = 500 Vmig = 707 Vmig = 866 Vmig = 1000 Vmig = 1118 Vmig = 1274 Vmig = 1322 Vmig = 1414
Vmig = 1500 Vmig = 1581 Vmig = 1658 Vmig = 1732 Vmig = 1802 Vmig = 1870 Vmig = 1936 Vmig = 2000
Vmig = 2121 Vmig = 2179 Vmig = 2236 Vmig = 2291 Vmig = 2345 Vmig = 2397 Vmig = 2449 Vmig = 2500
Vmig = 2061
Figure 23: Slide 23
Figure 24: Slide 24
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Figure 25: Slide 25
input Vmig = 500 Vmig = 707 Vmig = 866 Vmig = 1000 Vmig = 1118 Vmig = 1274 Vmig = 1322 Vmig = 1414
Vmig = 1500 Vmig = 1581 Vmig = 1658 Vmig = 1732 Vmig = 1802 Vmig = 1870 Vmig = 1936 Vmig = 2000
Vmig = 2121 Vmig = 2179 Vmig = 2236 Vmig = 2291 Vmig = 2345 Vmig = 2397 Vmig = 2449 Vmig = 2500
Vmig = 2061
Figure 26: Slide 26
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Figure 27: Slide 27
Examples of migration­operator 
related “noise”
Figure 28: Slide 28
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Proposed  steps for reducing migration noise
• Forward model or de­migrate
• Apply desired process, e.g., mixing, to 
attenuate noise, with one parameter
• Compute Betti numbers on time slices to 
infer level of geometric complexity
• Analyze Betti numbers and determine 
optimal processing parameter
• Inverse model or re­migrate
Figure 29: Slide 29
Example 1: scatterers
Figure 30: Slide 30
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Example 1: forward model or de­migration
Figure 31: Slide 31
Example 1: migration with 3% error
we desire to re­focus to minimize the migration “smiles”
Figure 32: Slide 32
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Example 1: compute Betti numbers for a varying 
processing parameter (mixing radius in this example)
Figure 33: Slide 33
Example 1: reducing geometric complexity defined by B1
Figure 34: Slide 34
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Example 1: re­migrated with 
geometric simplicity
Figure 35: Slide 35
Example 2: real data 
Figure 36: Slide 36
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Example 2: reducing geometric complexity defined by B1
Figure 37: Slide 37
Example 2: re­migrated with 
geometric simplicity
Figure 38: Slide 38
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Geometric simplicity and seismic imaging
• Geometric simplicity as defined by the Betti 
numbers can be used for quantitatively 
determining impact of processing parameters
• Seismic imaging should always start from simple 
geometry of the input data to build intuition for 
the migration operator
• As we build better understanding of the data and 
the operator, we can increase the Betti numbers 
and increase the geometric complexity for 
migration
Figure 39: Slide 39
Summary
• Geometric simplicity can be defined by 
Betti numbers
• CHOMP made it possible for efficient 
computation of Betti numbers
• Examples demonstrated usage of Betti 
numbers for reducing migration artifacts
• This approach can be easily generalized 
to other applications, such as tomography 
and waveform inversion
Figure 40: Slide 40
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Part 3: Operator complexity (idempotent 
semigroup) : 
2­way wave field extrapolation and imaging
Figure 41: Slide 41
Complex decomposition of operators:
An example of wave field extrapolation of 1D acoustic wave equation
Figure 42: Slide 42
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Complex decomposition of operators: Methodology
Figure 43: Slide 43
Figure 44: Slide 44
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Complex decomposition of operators
Figure 45: Slide 45
Complex decomposition of operators
Figure 46: Slide 46
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Short history of solvability:
<< simplicity >>
Quadratic equation  (Complex numbers)
Fundamental theorem of algebra  (Gauss)
Solvable by radicals   (Abel)
Group theory  (Galois/solvable group,  Lie/continuous group)
Operator theory  (Hilbert,  infinite dimensional space)
<< complexity >>
Numerical complexity  (Poincare /chaos)
Model complexity  (Cantor / layers)
Data complexity  (Betti number/ diffractions)
Operator complexity  (Idempotent semigroup/  2­way wave )
Complex Decomposition  (data is operator and operator is data)
=   Simple part  (solvable) +  Complex part  (interpretable)
Toy Modeling :                    Simple + Simple = Complex  (C+C=I  with Cantor + Cantor = 
Continuum)
Complex Decomp of data :          Complex = Simple + Complex  (low Betti  +  high Betti)
Complex Decomp of operator :   Simple + Simple = Complex  (Iow rank + low rank =  high 
rank)
Figure 47: Slide 47
25
